Geometry of conformal minimal two-spheres immersed in G(2, 6; R) is studied in this paper by harmonic maps. We construct a non-homogeneous constant curved minimal two-sphere in G(2, 6; R), and give a classification theorem of linearly full conformal minimal immersions of constant curvature from S 2 to G(2, 6; R), or equivalently, a complex hyperquadric Q 4 , which illustrates minimal two-spheres of constant curvature in Q 4 are in general not congruent.
Introduction
It is a long history of studying conformal minimal two-spheres with constant curvature in various Riemannian spaces (see [2, 3, 5, 12] ). In 1988 Bolton et al [2] studied properties about conformal minimal two-spheres in a complex projection space CP n and proved that any linearly full conformal minimal immersion of constant curvature from S 2 to CP n belongs to the Veronese sequence, up to a rigid motion. It is well known that, this rigidity fails for conformal minimal two-spheres of constant curvature immersed in general Riemannian symmetric spaces, for example, complex Grassmannian G(k, n; C), complex hyperquadric Q n and quaternionic projective space HP n and so on. Recently, we got a classification theorem of linearly full totally unramified conformal minimal immersions of constant curvature from S 2 to Q 3 ( [13] ), which showed that all such immersions can be presented by Veronese curves in CP 4 ( [13] , Theorem 4.9). For general linearly full totally unramified conformal minimal two-spheres immersed in complex hyperquadric Q n , we obtained a classification theorem under some conditions ( [10] , Theorem 4.6).
As is well known, complex hyperquadric Q n−2 may be identified with G(2, n; R), which is considered as a totally geodesic submanifold in complex Grassmann manifold G(2, n; C) (for detailed descriptions see the Preliminaries below). In 1986 Burstall and Wood [4] gave the explicit construction of all two-spheres in G(2, n; C), they pointed out that, any harmonic map from S 2 to G(2, n; C) can be obtained from a holomorphic map, a Frenet pair or a mixed pair. For the special case G(2, n; R), Bahy-El-Dien and Wood [1] gave their explicit construction in 1989.
The purpose of this paper is to apply the method of harmonic maps they gave and to derive a classification of conformal minimal immersions of constant curvature from S 2 to G(2, 6; R). By doing this, we hope that some insight can be gained on geometry for general cases , i.e., for any positive integer n.
It is well known that constant curved minimal two-spheres in S n (1) and CP n are homogeneous, they also determined the values distribution of the constant curvature completely. Papers [10, 13] proved that constant curved minimal two-spheres in Q 2 and Q 3 are also homogeneous, a natural question is the following:
Problem. Does the minimal two-spheres with constant curvature in Q n must be homogeneous?
In this paper, we give a negative answer to the problem stated above by constructing a non-homogeneous constant curved minimal two-sphere in Q 4 :
Here f
0 is of constant Gauss curvature 2 3 . It is the first curve that is non-homogeneous under the assumption of constant Gauss curvature, which we cannot find yet in any literature and made much effort for it. It plays a key role in our later work.
Our paper is organized as follows. In Section 2, we identify Q n−2 and G(2, n; R), state some fundamental results concerning G(k, n; C) from the view of harmonic sequences. In Section 3, we introduce the definition of degree of a smooth map from a compact Riemann surface to G(k, n; C), and then show some brief descriptions of Veronese sequence and the rigidity theorem in CP n . In Section 4, we present some properties of the harmonic sequences generated by reducible harmonic maps from S 2 to G(2, 6; R), and obtain the explicit characteristics of the corresponding harmonic maps in G(2, 6; R). Moreover we classify all reducible harmonic maps of S 2 in G(2, 6; R) under the assumption that they have constant curvature (see Proposition 4.3) . In Section 5, using Burstall, Bahy-El-Dien and Wood's results [1, 4] , we discuss geometric properties of irreducible harmonic maps of two-spheres in G(2, 6; R) with constant curvature and give a classification theorem of linearly full totally unramified conformal minimal immersions of constant curvature from S 2 to G(2, 6; R), or equivalently, a complex hyperquadric Q 4 (see Theorem 5.7).
Minimal immersions and harmonic sequences in G(k, n; C)
For 0 < k < n, we consider complex Grassmann manifold G(k, n; C) as the set of Hermitian orthogonal projections from C n onto a k-dimensional subspace in C n . Here C n is endowed with the Hermitian inner product ·, · defined by x, y = x 1 y 1 + · · · + x n y n , where x = (x 1 , . . . , x n ) T and y = (y 1 , . . . , y n ) T are two elements of C n .
Let G(k, n; R) denote the Grassmannian of all real k-dimensional subspaces of R n and σ : G(k, n; C) → G(k, n; C) denote the complex conjugation of G(k, n; C). It is easy to see that σ is an isometry with the standard Riemannian metric of G(k, n; C), its fixed point set is G(k, n; R). thus G(k, n; R) lies totally geodesically in G(k, n; C).
where q ∈ Q n−2 and Z is a homogeneous coordinate vector of q. It is clear that the map is one-to-one and onto, and it is an isometry. Thus we can identify Q n−2 and G(2, n; R) (for more details see [15] ). Next, we simply introduce general expressions of some geometric quantities about conformal minimal immersions from S 2 to complex Grassmannian manifold G(k, n; C).
Let U (n) be the unitary group, M be a simply connected domain in the unit sphere S 2 and (z, z) be a complex coordinate on M . We take the metric ds 2 M = dzdz on M . Denote
Then s is a harmonic map if and only if it satisfies the following equation (cf. [14] ):
Suppose that s : S 2 → U (n) is an isometric immersion, then s is conformal and minimal if it is harmonic. Let ω be the Maurer-Cartan form on U (n), and let ds 2 U (n) = 1 8 trωω * be the metric on U (n). Then the metric induced by s on S 2 is locally given by
We consider the complex Grassmann manifold G(k, n; C) as the set of Hermitian orthogonal projection from C n onto a k-dimensional subspace in C n . Then a map φ : M → G(k, n; C) is a Hermitian orthogonal projection onto a k-dimensional subbundle φ of the trivial bundle C n = M × C n given by setting the fibre φ x = φ(x) for all x ∈ M . φ is called (a) harmonic ((sub-) bundle) whenever φ is a harmonic map. Here s = φ − φ ⊥ is a map from S 2 into U (n). It is well known that φ is harmonic if and only if s is harmonic.
For a conformal minimal immersion φ : S 2 → G(k, n; C),two harmonic sequences are derived as follows:
respectively, in the following we also denote them by ∂ (i) φ and ∂ (−i) φ respectively, i = 1, 2, . . .. Now recall ( [4] , §3A) that a harmonic map φ :
In this case we simply say that φ is irreducible (resp. reducible).
As in [7] call a harmonic map φ :
For an arbitrary harmonic map φ : S 2 → G(k, n; C), define its isotropy order (cf. [4] ) to be the greatest integer r such that φ i ⊥φ for all i with 1 ≤ i ≤ r; if φ is isotropic, set r = ∞.
In this paper, we always assume that φ is linearly full. Suppose that φ : S 2 → G(k, n; C) is a linearly full harmonic map and it belongs to the following harmonic sequence
for some i = 0, . . . , i 0 . We choose the local unit orthogonal frame e (i)
By (2.4), a straightforward computation shows that
where
It is very evident that integrability conditions for (2.5) are
is a well-defined invariant on S 2 and has only isolated zeros.
Set L i = tr(Ω i Ω * i ), the metric induced by φ i is given in the form
The Gauss curvature K and second fundamental form B of φ i are given by
where P = ∂ Az [11] ). In the following, we give a definition of the unramified harmonic map as follows.
2)) for each i = 0, 1, 2, . . ., we say that the harmonic sequence (2.1) (resp. (2.2)) is totally unramified. If (2.1) and (2.2) are both totally unramified, we say that φ is totally unramified.
Especially, let ψ : S 2 → CP n be a linearly full conformal minimal immersion, then the following harmonic sequence in CP n is uniquely determined by ψ
for some i = 0, 1, . . . , n. In the following we also denote (2.8) by ψ
0 is a nowhere zero local section of ψ (n) 0 (without loss of generality, assume that ∂f
Then we have some formulae as follows:
(2.10)
3. Degrees of harmonic maps in G(k, n; C)
In this section we state the definition of degree of a smooth map φ from a compact Riemann surface M into G(k, n; C) as follows.
Now let φ be a linearly full pseudo-holomorphic curve in G(k, n; C) with the harmonic sequence
. Let ℑ : G(k, n; C) → CP N be the Plücker embedding, and let F (i) be a nowhere zero holomorphic section of Im(ℑ • φ (i) ), it follows that
Denote the degree of φ (i) by δ i . Then
We state the following results.
Especially, for the harmonic sequence (2.8), let r(∂ ′ ) = sum of the indices of the singularities of ∂ ′ , which is called the ramification index of ∂ ′ by Bolton et al(cf. [2] ). Note that if r(∂ ′ ) = 0 in (2.8) for all ∂ ′ , the harmonic sequence (2.8) is defined totally unramified in [2] .
For the harmonic sequence ψ
It is easy to check that they are in accordance with L i and δ i respectively in the case k = 1. Bolton et al showed (
In particular for a totally unramified harmonic sequence ψ
In the final of this section we state the rigidity theorem of conformal minimal immersions of S 2 into CP n with constant curvature as follows. Consider the Veronese sequence
Here map V 2]). Let ψ : S 2 → CP n be a linearly full conformal minimal immersion of constant curvature. Then, up to a holomorphic isometry of CP n , ψ is a member of the Veronese sequence.
Reducible harmonic maps of constant curvature
In the following, we regard harmonic maps from S 2 to G(2, 6; R) as conformal minimal immersions of S 2 in G(2, 6; R). Then we analyze harmonic maps of constant curvature from S 2 to G(2, 6; R) by reducible case and irreducible case and divide them into two sections.
In this section we first discuss the reducible ones. Let φ : S 2 → G(2, 6; R) be a linearly full reducible harmonic map with constant curvature, it follows from ([1], Proposition 2.12), to finish the characterize of φ, we distinguish two cases: (1) φ is a real mixed pair with finite isotropy order, whereas (2) φ is (strongly) isotropic.
We first briefly discuss the case that φ has finite isotropy order, suppose φ : S 2 → G(2, 6; R) is a linearly full reducible harmonic map with constant curvature and finite isotropy order r. It follows from ( [10] , Proposition 3.2) that r = 1, and then φ can be characterized by harmonic maps from S 2 to CP m (m ≤ 5), in fact,
and 2 ≤ m ≤ 5. The induced metric of φ is given by
By Lemma 3.4, up to a holomorphic isometry of
is a Veronese surface. We can then choose a complex coordinate z on C = S 2 \{pt} so that f
has the standard expression given in Section 3 (adding zeros to V
For any integers n, s with n ≥ 3, s ≥ 0, let H s n denote the set of all holomorphic maps f : S 2 → CP n−1 satisfying condition
This together with (4.2) implies that f ∈ H 0 m+1 may be constructed by the following three steps:
, H (z) )). Then F 1 (z) is a rational function and so represents the holomorphic map f (m) 0 : S 2 → CP m in homogeneous coordinates.
As to the second fundamental form B of φ, by (2.7) and a series of calculations, we obtain
From this we derive the following useful relation
in the following we shall characterize φ explicitly by virtue of Lemma 4.1, and prove the following property.
be a linearly full reducible harmonic map with finite isotropy order r and Gauss curvature K. Suppose that K is constant, then r = 1 and, up to an isometry of G(2, 6; R), φ belongs to one of the following cases.
where W has the form (4.15). In each of these two cases, there are many different types of W, thus exist different U ∈ U (6) such that U V Proof. According to above discussion, r = 1 and 2 ≤ m ≤ 5, here we deal with the four cases m = 2, 3, 4, 5 respectively.
(1) m = 5.
Firstly we discuss this case and prove m = 5. To do this, let us assume that there exists a linearly full reducible harmonic map φ = f (5) 0 ⊕ f (5) 0 : S 2 → G(2, 6; R) with constant curvature and finite isotropy order, then, f
0 ∈ H 0 6 and it can be obtained by Lemma 4.1.
a 00 a 01 a 02 a 03 a 10 a 11 a 12 a 13 a 20 a 21 a 22 a 23 a 30 a 31 a 32 a 33
where A is a constant matrix with F 0 (z), F 0 (z) = 0, then using (2) 
This relation together with (3) of Lemma 4.1 and the fact that F 1 (z) represents a holomorphic map of S 2 in CP 5 show that coefficients of z 6 , z 7 and z 8 in (4.5) are all vanish, which can be expressed by
and it is reasonable to put
for convenience, where A 2 , A 3 , A 4 and A 5 are constant, then it can be clearly seen that 
Here it is importance to notice that this U satisfies U U * = µI 6×6 for some constant µ from our assumption that φ is of constant curvature, which means that the F 1 (z) constructed above is of constant curvature. given in Section 3, we get V
is a polynomial matrix in z and z. Using the method of indeterminate coefficients, (4.6) gives the relation w 34 = w 44 = 0, w 33 + √ 2w 24 = 0, (4.8)
and by (4.7) we conclude w ij = w ji for any 0 i, j 5. Furthermore using (4.2) we have the relation
A series calculations give w 00 = w 01 = w 45 = w 55 = 0, 2 √ 10w 02 + 5w 11 = 0, (4.9) Combing (4.8)-(4.11) and using the property of the unitary matrix, this is a straightforward computation
with |w 05 | = |w 14 | = |w 23 |, which contradicts (4.12). So m = 5 is proved.
(2) m = 4. Analogous m = 4 can be proved by using the same method as above.
(3) m = 3. From the fact that V There are many different such type of W , thus with different U . In other words, we can find different U to write φ = U V
0 , and they are not congruent. Here we just give one example of them. Choose
(4.14)
Direct computations give
(4) m = 2. Analogous, by using V with w 02 = 0. An example can be given by choosing
As to the second fundamental form B of φ, by an straightforward computation, we obtain
In summary we get the conclusion. 6; R) , φ belongs to one of the following cases. In Proposition 4.3, (1) gives us a non-homogeneous constant curved minimal two-sphere in Q 4 . (2) and (3) stand for two different holomorphic curves from the Riemann sphere into Q 4 whose curvature are both equal to 1, which illustrates conformal minimal twospheres of constant curvature in complex hyperquadric Q n are in general not equivalent, constracting to the fact that generic isometric complex submanifolds in a Kaehler manifold are congruent. They show us that the case of Q n is very complicated, and it is very difficult for classifications of conformal minimal two-spheres of constant curvature in a complex hyperquadric Q n .
Let
Here the type of U in (3) of Proposition 4.3 may be chosen as
and U in (4) of Proposition 4.3 may be chosen as
Then, up to an isometry of G(2, 6; R), either
(4.21)
By Theorem 1.1 of [11] , these two maps shown in (4.20) and (4.21) are all of parallel second fundamental form.
Irreducible harmonic maps of constant curvature
In this section we shall discuss irreducible harmonic map φ : Furthermore, if φ is of constant curvature, by ([10], Proposition 4.3), since n = 6 is even, there doesn't exist linearly full totally unramified irreducible conformal minimal immersion of S 2 in G(2, 6; R) with constant curvature and finite isotropy order. In the following, we only consider the (strongly) isotropic ones. To characterize such φ we first state one of Burstall and Wood' results ( [4] , Theorem 2.4 and Proposition 3.7, 3.8) as follows:
Lemma 5.2 (Special case of [4] ). Let φ : S 2 → G(2, n; C) be a (strongly) isotropic harmonic subbundle of C n ,
Then either (a) there is an antiholomorphic map g : S 2 → CP n−1 and φ = ∂ (−r) g ⊕ ∂ (−r−1) g for some integer r ≥ 0, (it can be shown that φ is a Frenet pair) or (b) there are maps g, h : S 2 → CP n−1 antiholomorphic and holomorphic respectively such that ∂ ′ h ⊥ g and φ = g ⊕ h, i.e. φ is a mixed pair. [1, 4] ).
Let φ : S 2 → G(2, 6; R) be a linearly full irreducible harmonic map with isotropy order r = ∞. In the following we characterize φ explicitly by virtue of Lemma 5.2.
Since φ is a (strongly) isotropic irreducible harmonic map from S 2 to G(2, 6; R), it belongs to the following harmonic sequence
where φ −1 = φ 1 is of rank 2, and φ can be expressed by φ = X ⊕ X, here {X, X} is the unique unordered holomorphic subbundles of rank one of φ (cf. [1] ). Let
Then by (i) of Lemma 5.2,
is harmonic. Through a straightforward computation, φ belongs to the following harmonic sequence
which implies that subbundle Z is harmonic and antiholomorphic, without loss of generality, we assume Z = f (m) m , it is a linearly full harmonic map from S 2 to CP m for some m < 6 and belongs to the following harmonic sequence 
Then by (ii) of Lemma 5.2, the backward replacement of f 
Then we prove the following result.
is a linearly full totally unramified irreducible (strongly) isotropic harmonic map of constant curvature.
Proof. Suppose φ : S 2 → G(2, 6; R) is of constant curvature K. From the above discussion, we choose local frame
here the local frame we choose is unitary frame. Set W 0 = (e 1 , e 2 ), W 1 = (e 3 , e 4 ), W −1 = (e 5 , e 6 ), then by (2.5), we obtain
This together with equation L i = tr(Ω i Ω * i ) implies that
(5.4)
On the one hand, since φ is totally unramified, it follows from (3.2) and (5.4) that
On the other hand, by Lemma 3.3 we have
This formula and the fact that φ is of constant curvature enable us to set K = 1 2 , and complex coordinate z on C = S 2 \{pt} can be chosen so that the induced metric ds 2 = 2L 0 dzdz of φ is given by
(5.7)
From the fact that φ is irreducible and (strongly) isotropic, the harmonic sequence it derived can be rewritten as
here φ −1 is a holomorphic curve with constant curvature 1. In the following we shall prove that for any holomorphic section of φ −1 , its degree will be 2, i.e. m = 2.
Let f (z) and g(z) be two holomorphic sections such that φ −1 = Π{f (z), g(z)}. Plücker imbedding [14] [F ] = [f (z) ∧ g(z)] : S 2 → CP 14 is a nowhere zero holomorphic curve. This is a holomorphic isometry, i.e., 
Hence there exist the U(4)-transformation I 2 × U 4 so that 
where I 2 is the 2 × 2 unit matrix and U 4 ∈ U (4) (in the absence of confusion, we also use letters a i , b i , c i and d i ).
Proposition 5.4. Let φ : S 2 → G(2, 6; R) be a linearly full irreducible totally unramified (strongly) isotropic harmonic map with constant curvature, then φ = X⊕X with X = f
are mutually orthogonal and the corresponding coefficient x 1 satisfies equation (5.11) .
For any linearly full irreducible totally unramified harmonic map φ : S 2 → G(2, 6; R) with constant curvature K and isotropy order r = ∞, from the above discussion we easily see that
and
by direct computation. From the assumption that φ is totally unramified, we find | det Ω 0 | 2 dz 2 dz 2 = 0 everywhere on S 2 and f (2) 0 , f (2) 1 , f (2) 2 : S 2 → CP 2 ⊂ CP 6 are also totally unramified from (5.13) . In this case, we prove such that F (2) i is a nowhere zero holomorphic curve and it is a polynomial function on C of degree δ
i . So using (5.7) (5.12) (5.13) and (5.14) , we obtain
is a globally defined function without zeros on S 2 . Then it follows from (3.3) that
is globally defined on C and has a positive constant limit 1 c as z → ∞. Thus (5.15) gives us that
i.e.
Applying the equation X = f
0 , (5.16) can be rearranged as
In view of (5.11) we get ∂(x 3 |f
(2) 0 | 2 ) = 0. Observing (5.17), from the fact that both |F 
(5.18)
Since both sides of (5.18) are polynomial functions and δ
(2) 0 = 2, then we have |f
where µ is a real parameter.
Here we claim that h = 0. Otherwise if h = 0, then 1 + zz is a factor of it, which contracts the fact that h is antiholomorphic. Thus we have h = 0, which implies that the function x 1 should vanish, i.e. x 1 = 0. Then
1 . As to the second fundamental form B of φ, by (2.7) and a series of calculations, we obtain 
2 ) * − f It is trival that B 2 = 0, i.e. φ is totally geodesic.
From (5.19 ), by Lemma 3.4, up to a holomorphic isometry of CP 5 , f is a Veronese surface. We can choose a complex coordinate z on C = S 2 \{pt} so that f has the standard expression given in Section 3 (adding zeros to V This finishes the proof.
Remark 5.6. In Proposition 5.5, to determine φ, we just need to determine the matrix U . From the above discussion, we have 
2 , and U is a constant matrix. Using the method of indeterminate coefficients by (5.20) , put U T U = (w ij ), 0 ≤ i, j ≤ 5, by direct computation it can be expressed in the same with (4.17). Here an easy example is to set U = U 0 as the one shown in (4.18). In this case φ = U 0 V Theorem 5.7 shows that, up to an isometry of G(2, 6; R), conformal minimal immersions of constant curvature from S 2 to G(2, 6; R), or equivalently, a complex hyperquadric Q 4 can be presented by the Veronese surfaces in CP 2 , CP 3 or CP 4 .
Let φ be a linearly full conformal minimal immersion of constant curvature from S 2 to G(2, 6; R), and f φ be the corresponding map of φ from S 2 to Q 4 . In Theorem 5.7, for
1 , the corresponding maps of φ from S 2 to Q 4 are minimal (cf. (4.14), (4.16), (4.20), (5.21)), which are also minimal from S 2 to CP 5 . But for φ = U 1 V (4) 2 ⊕ c 0 , from (4.21), the corresponding map f φ : S 2 → Q 4 of φ is as follows
By a simple test, we can check that it is not minimal in CP 5 .
